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A novel continuum damage mechanics-based framework is proposed to model the micro-damage healing
phenomenon in the materials that tend to self-heal. This framework extends the well-known Kachanov’s
(1958) effective conﬁguration and the concept of the effective stress space to self-healing materials by
introducing the healing natural conﬁguration in order to incorporate the micro-damage healing effects.
Analytical relations are derived to relate strain tensors and tangent stiffness moduli in the nominal
and healing conﬁgurations for each postulated transformation hypothesis (i.e. strain, elastic strain
energy, and power equivalence hypotheses). The ability of the proposed model to explain micro-damage
healing is demonstrated by presenting several examples. Also, a general thermodynamic framework for
constitutive modeling of damage and micro-damage healing mechanisms is presented.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Kachanov (1958) pioneered the concept of the effective (undam-
aged) conﬁguration and introduced the basis for the continuum
damage mechanics theories. Followed by his pioneering work,
many researchers have used the effective conﬁguration concept
to model the irreversible damage processes in engineering materi-
als (e.g. Kachanov, 1958; Rabotnov, 1969a; Lemaître and Chaboche,
1990; Voyiadjis and Kattan, 1999). However, experimental obser-
vations in the last decade have clearly shown that various classes
of engineeringmaterials have the potential to heal and retrieve part
of their strength and stiffness under speciﬁc conditions (Miao et al.,
1995; Kessler and White, 2001; Brown et al., 2002; Reinhardt and
Jooss, 2003; Guo and Guo, 2006; Kessler, 2007; Bhasin et al.,
2008). The intrinsic healing capability of biomaterials and biologi-
cal systems is a well-known and well-established fact (e.g. Yasko
et al., 1992; Rodeo et al., 1993; Arrington et al., 1996; Strauer
et al., 2002;Werner and Grose, 2003). Moreover, several procedures
for synthesizing self-healing polymers are recently developed in-
spired by these unique features of biological systems and materials
(e.g. White et al., 2001; Brown et al., 2005; Bond et al., 2007; Rong
et al., 2007; White et al., 2008; Yin et al., 2008; Yuan et al., 2008).
Another category of the engineering materials that tend to heal is
the composite materials whose matrix is intrinsically tend to heal
at elevated temperatures and during the rest periods (e.g. Little
and Bhasin, 2007; Bhasin et al., 2008, 2010). Interestingly, from
the continuum point of view, the common feature of the healingll rights reserved.
: +1 979 845 6554.
u Al-Rub).phenomenon in all of these materials (e.g. self-healing polymers
and biomaterials) is that the induced micro-damages (e.g. micro-
cracks, micro-voids) gradually reduce in size and subsequently
cause the material to recover partially or fully its strength and stiff-
ness. Therefore, it seems quite natural to relate the modeling of the
healing phenomenon to the size and density of the healed micro-
damages.
Several attempts have been made in the literature for constitu-
tive modeling of the micro-damage healing phenomenon in mate-
rials. These attempts are mostly phenomenological (e.g. Jacobsen
et al., 1996; Ramm and Biscoping, 1998; Adam, 1999; Simpson
et al., 2000; Ando et al., 2002; Little and Bhasin, 2007). Few
thermodynamic-based micro-damage healing models are available
in the literature. Miao et al. (1995) proposed a constitutive model
for compaction of crushed rock salts; Alfredsson and Stigh (2004)
proposed a fairly general thermodynamic framework for constitu-
tive modeling of elastic, plastic, damage, and healing mechanisms
of materials; Barbero et al. (2005) proposed a thermodynamic-
based continuum damage-healing constitutive model for self-heal-
ing composites; and Voyiadjis et al. (2011) extended the work of
Barbero et al. (2005) by incorporating the isotropic hardening
due to damage and healing. However, these thermodynamic-based
models are formulated for speciﬁc micro-damage healing mecha-
nisms. Therefore, they cannot be treated as general frameworks
that can be followed systematically to derive different micro
-damage healing models. The model proposed by Barbero et al.
(2005) is applicable to materials with autonomous micro-damage
healing mechanism, where micro-damage healing agents are
embedded in the materials and healing can be activated during
the loading and during the crack propagation (e.g. White et al.,
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Fig. 1. Schematic representation of the stress–strain response for a loading (path
‘‘AB’’), unloading (Path ‘‘BC’’), and reloading (path ‘‘CD’’) cycle. The stress–strain
response during the unloading is nonlinear and also the tangent stiffness at the end
of the unloading (i.e. DULC Þ is less than the tangent stiffness modulus at the beginning
of the reloading (i.e. DReLC Þ.
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and Stigh (2004) are, on the other hand, applicable to materials
for which healing occurs during the rest period and unloading.
However, this paper treats the micro-damage healing generally
as the reduction of the damaged area and damage density regard-
less of the speciﬁc type of healing. Also, it should be emphasized
that the derived micro-damage healing evolution function based
on the current framework will be different depending on the heal-
ing mechanism and material under study.
Another important issue in formulating a thermodynamic-
based micro-damage healing model based on continuum damage
mechanics is the postulated transformation hypothesis that relates
stresses and strains in the damaged and undamaged (effective)
states of the material. Most of the proposed thermodynamic-based
damage and healing models are either based on the strain equiva-
lence hypothesis (e.g. Alfredsson and Stigh, 2004) or the elastic en-
ergy strain equivalence hypothesis (e.g. Voyiadjis et al., 2011)
which are suitable for simple constitutive models such as elastic
solids. However, a more realistic transformation hypothesis is re-
quired for more complex constitutive models. To generalize the
proposed healing framework, this study investigates the effect of
postulating different transformation hypotheses on the mechanical
response of materials. Moreover, the current thermodynamic
framework is formulated based on the power equivalence hypoth-
esis that is more physically sound and can be applied for coupling
damage and micro-damage healing models to viscoelasticity and
viscoplasticity models as well.
Furthermore, another challenging task is to formulate a general
thermodynamic framework that properly estimates the stored and
dissipated energy during the damage and micro-damage healing
processes. As stated by Ziegler (1977) in his celebrated book on
continuum thermodynamics, the proper estimation of the stored
and dissipated energies during a process requires the decomposi-
tion of the thermodynamic conjugate forces into energetic and dis-
sipative components. The energetic components are responsible
for storing energy inside the material and can be identiﬁed from
a thermodynamic state potential such as the Helmholtz free energy
function; whereas, the dissipative components are responsible for
dissipating energy and can be identiﬁed using another thermody-
namic state potential such as the rate of the energy dissipation
function. However, none of the previous works decompose the mi-
cro-damage healing thermodynamic force into energetic and dissi-
pative components. Obviously, more investigations are required to
develop a robust and physically sound thermodynamic-based
framework that can be followed systematically to model the mi-
cro-damage healing mechanisms in materials that tend to heal.
Therefore, one of the main objectives of this work is to contrib-
ute in closing this gap by proposing a general thermodynamic-
based framework for constitutive modeling of the micro-damage
healing phenomenon that considers physically-based mechanisms
associated with the healing process. To this aim, the fundamental
basis of the continuum damage mechanics theories based on the
effective stress concept (or equivalently based on the effective con-
ﬁguration, Kachanov, 1958; Rabotnov, 1969b) is extended to self-
healing materials by introducing a physically-based natural healing
conﬁguration in order to link the traditional continuum damage
mechanics theories to the continuum damage-healing mechanics
theories. By following this approach, the proposed framework
inherits the simplicity and robustness of the continuum damage
mechanics theories (Kachanov, 1958; Rabotnov, 1969b) and also
makes it possible to apply the existing numerical techniques for
the continuum damage theories to materials that tend to heal
without demanding major modiﬁcations in the existing numerical
algorithms. The proposed framework shows that the thermody-
namic forces conjugate to the deﬁned damage and micro-damage
healing internal state variables should have both energetic and dis-sipative components. Furthermore, the proposed general frame-
work derives a microforce healing balance, which is shown to be a
direct consequence of postulating the principle of virtual power.
This newly formulated micro-force balance, along with the decom-
position of the healing thermodynamic driving force into energetic
and dissipative components, allow one to systematically derive mi-
cro-damage healing evolution functions. The proposed framework
naturally results in strong couplings between the healing process
and temperature evolution. Also, the well-known transformation
hypotheses of continuum damage mechanics from the effective
(undamaged) to the nominal (damaged) conﬁgurations are also
considered for the proposed micro-damage healing framework
and analytical relations are derived to relate the stiffness moduli
in different conﬁgurations.
Moreover, the common modeling practice in predicting the
damage evolution and growth in the context of continuum damage
mechanics is to treat the damage nucleation and growth analo-
gously to time-independent plasticity by introducing a damage
surface (analogous to the yield surface) which determines the
damage nucleation criterion and a damage evolution function
which quantiﬁes the damage density (Kachanov, 1986; Lemaître
and Chaboche, 1990; Voyiadjis and Kattan, 1990; Krajcinovic,
1996). This modeling treatment of continuum damage mechanics
yields to the fact that damage does not evolve during the unloading
where the material point is located in the damage loading surface.
Subsequently, the stiffness modulus remains constant during the
unloading resulting in a linear response in the stress–strain dia-
gram during the unloading. Fig. 1 shows a schematic representa-
tion of the stress–strain response for a complete unloading–
loading cycle (e.g. Karsan and Jirsa, 1969). As shown schematically
in Fig. 1 and has also been reported in numerous experimental
studies on engineering materials, the stress–strain response during
the unloading (path ‘‘BC’’ in Fig. 1) is nonlinear (e.g. Sinha et al.,
1964; Karsan and Jirsa, 1969; Ortiz, 1985; Bari and Hassan, 2000;
Mirmiran et al., 2000; Eggeler et al., 2004; Palermo and Vecchio,
2004; Sima et al., 2008).
In this work, the nonlinear response of the stress–strain dia-
gram during the unloading is related to extra damage growth dur-
ing the unloading. It should be noted that Ortiz (1985) was the ﬁrst
to model the nonlinear response of the stress–strain diagram dur-
ing the unloading by considering anisotropic damage and crack
closure. The damage anisotropy is not included here; instead, the
damage function is allowed to evolve with a slower rate during
the unloading to model this distinct behavior. Moreover, the argu-
ments in the subsequent sections show that the underlying
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tal assumptions of Ortiz (1985).
The experimental observations on cyclic loading of several
materials show a jump in the tangent stiffness modulus at the
unloading–loading points (point ‘‘C’’ in Fig. 1) (Sinha et al., 1964;
Karsan and Jirsa, 1969; Ortiz, 1985; Hassan et al., 1992; Eggeler
et al., 2004; Sima et al., 2008). In other words, as shown schemat-
ically in Fig. 1, the material recovers part of its stiffness at unload-
ing–loading point such that the tangent stiffness at the beginning
of the subsequent loading cycle (DReLC in Fig. 1) is greater than the
tangent stiffness modulus at the end of the unloading (DULC in
Fig. 1). This jump in the tangent stiffness at the unloading–loading
point becomes more signiﬁcant if rest periods (or unloading times)
are introduced between the loading cycles. The current study
shows that this distinct behavior could be related to micro-damage
healing at low strain levels. In other words, at the end of the
unloading, the strain levels becomes close to zero such that the
faces of the induced micro-damages wet each other and retrieve
part of their bond strength. The wetting of the micro-damage sur-
faces results in partial healing and subsequently partial recovery in
the tangent stiffness modulus at unloading–loading point. This
phenomenon is usually referred to as instantaneous healing (Wool
and Oconnor, 1981). More healing will occur (e.g. due to cohesion
and inter-molecular diffusion process between the micro-crack
faces in polymers, biomaterials, and bituminous materials) if the
wetted surfaces of the micro-damages put into rest for a while be-
fore the next loading cycle is applied. This phenomenon is usually
referred to as the time-dependent (or long-term) healing in the liter-
ature (Wool and Oconnor, 1981).
The numerical examples presented in this work clearly demon-
strate the capabilities of the proposed micro-damage healing
framework in capturing interesting phenomena such as: (a) the
stiffness and strength recovery in cyclic loading upon the applica-
tion of rest periods; (b) the nonlinear response of the stress–strain
diagram during unloading; and (c) the jump in the tangent stiff-
ness modulus at the unloading–loading point.2. Micro-damage healing conﬁguration
In the classical continuum damage mechanics (CDM) frame-
work, a scalar variable, the damage variable, for the case of the iso-
tropic damage or a higher-order tensor, the damage tensor, for the
case of the anisotropic damage is typically used to explain the deg-
radation behavior of materials due to micro-damage (micro-cracks
and micro-voids) nucleation and growth (see e.g. Voyiadjis and
Kattan, 1999 for a comprehensive review of the this subject). For
simplicity and without loss of generality, the case of isotropic dam-
age is considered here. In this paper, the effective (undamaged) con-
ﬁguration is generalized to the cases when materials undergo
micro-damage healing or partial/full recovery of the damaged
stiffness.
Fig. 2(a) shows a cylinder under a uniaxial tensile load T at the
current time ‘‘t’’. During the loading–unloading processes, some
new micro-cracks and micro-voids nucleate and propagate upon
satisfaction of the damage nucleation and growth conditions. On
the other hand, for certain materials (e.g. polymers, bituminous
materials, and biological materials) some of these micro-cracks
may heal during the resting period (or the unloading process).
Therefore, one can divide the total cross-sectional area, A, of the
cylinder into three parts: (a) the area that has not been damaged
(i.e. intact area), A, which can be considered as the effective
(undamaged) area in CDM; (b) the area of unhealed cracks and
voids, Auh, where damage is considered irreversible; (c) the area
of micro-cracks and micro-voids that have been healed during
the unloading process or the rest period, Ah. Fig. 2(b) shows thecross-sectional area of the cylinder at time ‘‘t’’ in the nominal (dam-
aged) conﬁguration. One can assume that the area of the completely
healed micro-damages have the same properties of the intact
material. Hence, once a micro-crack heals completely, it retrieves
all of its strength such that its mechanical properties become iden-
tical to those of the intact material. Fig. 2(c) shows the healing con-
ﬁguration. This ﬁctitious conﬁguration results when unhealed
cracks and voids are removed from the damaged conﬁguration.
The effective (undamaged) conﬁguration is shown in Fig. 2(d). This
ﬁctitious conﬁguration includes the materials that have never been
damaged (intact) during the loading–unloading history. This con-
ﬁguration is identical to the so-called effective conﬁguration in
CDM when healing does not occur. Therefore, one can write from
Fig. 2:
A ¼ Aþ AD ¼ Aþ Auh ð1Þ
AD ¼ Auh þ Ah ð2Þ
where A; A, and A are the cross-sectional area in the nominal (dam-
aged), effective (undamaged), and healing conﬁgurations, respec-
tively; and AD is the summation of both healed micro-cracks and
micro-voids, Ah, and unhealed micro-cracks and micro-voids, Auh.
As it is assumed in CDM, cracks and voids cannot carry load. In
fact, load is carried by the area of the intact material and the healed
micro-damages. Therefore, one can assume that the applied forces
in the nominal and healing conﬁgurations are equal, such that:
T ¼ rA ¼ rA ð3Þ
where r is the nominal (apparent) stress and r is the stress in the
healing conﬁguration (true or net stress). In this paper, the super-
scripts ‘‘’’ and ‘‘=’’ designate the effective and healing conﬁgura-
tions, respectively. The following deﬁnitions are introduced for
the damage and healing internal state variables, respectively:
/ ¼ A
D
A
ð4Þ
h ¼ A
h
AD
ð5Þ
For the cases when healing is not considered, / is the classical irre-
versible damage density variable ranging from 0 6 / 6 1, which is
interpreted as the micro-damage density such that / = 0 indicates
no damage and / = 1 indicates complete damage (or fracture). How-
ever, when healing is included, / is interpreted as an internal state
variable representing the damage history such that AD is the accu-
mulative damaged area. On the other hand, h is the healing internal
variable deﬁned as the ratio of the cumulative area of healed micro-
damages over the cumulative damaged area. Therefore, h represents
the healed fraction of the total accumulative damaged area. The
healing variable ranges from 0 6 h 6 1; h = 0 for no healing and
h = 1 when all micro-cracks and micro-voids are healed. Alfredsson
and Stigh (2004) considered a single damage variable to capture the
effect of both damage and micro-damage healing on mechanical re-
sponse of elastic-plastic materials. The inherent assumption in their
work is that the damage and micro-damage healing processes are
similar. The approach presented here is more general since it intro-
duces separate internal state variables for the damage and micro-
damage healing effects. This would be beneﬁcial for the cases where
the driving force for the damage and micro-damage healing mech-
anisms are different.
Substituting Eqs. (1), (2), (4), and (5) into Eq. (3) yields:
r ¼ r
1 /eff
ð6Þ
where /eff is the effective damage density ranging from 0 6 /eff 6 1,
such that:
(a) 
               (b)                                   (c)                            (d) 
Cross section 
Healed micro-damages, hA Unhealed micro-damages, uhAT
T
Nominal (damaged) 
configuration 
Healing 
configuration 
Effective (undamaged) 
configuration 
Remove both healed and unhealed damages (micro-cracks and micro-voids) 
Remove healed damages Remove all unhealed 
damages 
, ,E Aσ       ,
uh
E
A A A
σ
= −
          ,
h uh
E
A A A A
σ
= − −
Fig. 2. Schematic representation of: (a) the damaged partially healed cylinder in tension; (b) the nominal conﬁguration; (c) the healing conﬁguration; and (d) the effective
conﬁguration. The nominal conﬁguration includes the intact material, unhealed damages, and healed micro-damages; the healing conﬁguration includes the intact material
and the healed micro-damages; and the effective conﬁguration only includes the intact material.
M.K. Darabi et al. / International Journal of Solids and Structures 49 (2012) 492–513 495/eff ¼ /ð1 hÞ ð7Þ
such that /eff = 0 indicates that either the material has not been
damaged yet or all induced damages have already been healed;
whereas, /eff = 1 indicates complete damage (or fracture). It should
be noted that the effective damage density variable is no longer
irreversible and can decrease upon micro-damage healing.
It is noteworthy that the healing variable in Eq. (7) has a sim-
ilar effect to the stiffness-recovery parameter introduced in the
work of Lee and Fenves (1998) for modeling the stiffness recovery
in concrete materials during the transition from tension to
compression loading. However, the physics behind the stiffness-
recovery parameter by Lee and Fenves (1998) is different than
the current proposed micro-damage healing variable h. Lee and
Fenves (1998) interpreted the area of healed micro-cracks in Eq.
(5), Ah, as the area of closed micro-cracks (not healed) during
the loading transition from tension to compression. Therefore,
the current proposed healing variable is more general as it can
be interpreted as a crack-closure parameter or as a healing
parameter, but with a different evolution law, depending on the
intended application.
Eqs. (6) and (7) relate the stress in the healing conﬁguration to
the nominal stress as a function of the damage and healing internal
variables. This expression represents the proper coupling between
the damage and healing variables and modiﬁes the classical deﬁni-
tion of the effective stress in CDM (i.e. r ¼ r ¼ r=ð1 /Þ when
healing is not considered (i.e. h = 0)).
Eq. (6) can be simply generalized for three-dimensional cases
for the case of the isotropic (scalar) damage, such that:r ¼ r
1 /eff
¼ r
1 /ð1 hÞ ð8Þ
where r is the nominal stress tensor in the damaged conﬁguration
and r is the true stress tensor in the healing conﬁguration.
Moreover, the following relationship between the stress tensors
in the healing and effective conﬁgurations will be obtained if one
assumes that the tensile forces in the effective and healing conﬁg-
urations are the same (i.e. rA ¼ rA in Fig. 2), such that:
r ¼ r 1 /ð1 hÞ
1 /
 
ð9Þ
Eq. (9) clearly shows that the stress tensors in the healing and effec-
tive conﬁgurations will be the same only for two cases: (1) damage
variable is zero (i.e. / = 0), where in this case the stress tensors in
the effective and healing conﬁgurations (i.e. r and rÞ will be the
same as the stress tensor in the nominal conﬁguration (i.e. r) since
damage has not started yet; (2) healing variable is zero (i.e. h = 0),
where in this case the stress tensors in the effective and healing
conﬁgurations will be the same since healing is not considered.
For other cases, the stress tensor in the ﬁctitious effective conﬁgu-
ration will always be greater than the stress tensor in the healing
conﬁguration (i.e. rP rÞ. In other words, the effective conﬁgura-
tion (Fig. 2(d)) is obtained by removing the healed micro-damage
areas from the healing conﬁguration (Fig. 2(c)) such that these
healed micro-damages can tolerate load and carry stress in the
healing conﬁguration. Therefore, the stress tensor in the effective
conﬁgurations should be magniﬁed comparing to the stress tensor
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carried by the removed healed micro-damages.
In the above, the relations between the stresses in different con-
ﬁgurations are derived. In the following sections, the relations
among the strain tensors and stiffness moduli in different conﬁgu-
rations will be derived.3. The stiffness moduli in different conﬁgurations
As mentioned in Section 2, completely healed micro-cracks and
micro-voids recover their total strength and stiffness such that
they become identical to the intact material. Hence, one can as-
sume that the stiffness moduli in the effective and healing conﬁg-
urations are the same and equal to the stiffness modulus of the
virgin state of the material that does not change during the load-
ing–unloading history, such that:
D ¼ D ð10Þ
where D and D are the tangent stiffness moduli in the effective and
healing conﬁgurations, respectively. The tangent stiffness modulus
is used in this paper instead of the commonly used secant stiffness
modulus in CDM theories. The nominal tangent stiffness modulus is
deﬁned as:
D ¼ dr
de
ð11Þ
The secant stiffness modulus is commonly used in CDM to capture
the degradation of the stiffness modulus with damage evolution.
However, the tangent stiffness modulus could capture the nonlinear
response of materials more easily and is commonly used instead of
the secant stiffness modulus for the numerical implementation pur-
poses. Fig. 3 schematically illustrates the advantages of using tan-
gent stiffness modulus rather than the secant stiffness modulus.
Point ‘‘A’’ on the stress–strain curve may follow one of the three
possible paths on the stress–strain curve as shown in Fig. 3. Path
(1) represents a path on which the material shows hardening
behavior; the material goes to the softening region on path (2);
and path (3) represents a schematic unloading path. The secant
stiffness modulus of point ‘‘A’’ (i.e. EA) will be the same for all these
three different paths as shown in Fig. 3. However, the tangent stiff-
ness modulus at point ‘‘A’’ for each of these paths will be different
(i.e. DA,1, DA,2, and DA,3 corresponding to paths (1), (2), and (3),Aσ
ε
AE
,3AD
,1AD
,2AD
(1) 
(2) 
(3) 
Fig. 3. Schematic illustration of three possible paths for point ‘‘A’’ on the stress–
strain curve. Path (1) represents the path on which the material shows hardening
behavior; material point goes to softening region on path (2), and path (3)
represents a schematic unloading path. The secant stiffness modulus of point ‘‘A’’
will be the same for all these three paths. However, these paths can be
distinguished by looking at the tangent stiffness modulus of point ‘‘A’’ for each
stress–strain path.respectively). Therefore, these different paths will clearly be distin-
guished by looking at the tangent stiffness moduli at point ‘‘A’’.
Moreover, physically speaking, a speciﬁc area within the material
at a speciﬁc time feels the tangent stiffness modulus as the instan-
taneous measure of its stiffness, such that a material point with a
larger tangent modulus can build up more stress increment com-
paring to a material point with smaller tangent modulus provided
that the strain increments are the same (please see Eq. (15)).
However, one can simply derive the relationship between the
tangent and secant stiffness moduli as illustrated in the following
developments. For the secant stiffness modulus, one can write:
r ¼ E : e ð12Þ
where E ¼ EðE;/;hÞ is the fourth-order damaged-healed secant
stiffness tensor, and e is the strain tensor in the nominal conﬁgura-
tion. Taking the time derivative of Eq. (12) yields:
_r ¼ E : _eþ _E : e ¼ ðE þ _E : e _e1Þ : _e ð13Þ
The superimposed dot in this equation and all subsequent equa-
tions indicates derivative with respect to time. Also, ‘‘A1’’ indicates
the inverse of ‘‘A’’. On the other hand, for the tangent stiffness mod-
ulus, one can write:
_r ¼ D : _e ð14Þ
The relation between the tangent and secant moduli is obtained by
comparing Eqs. (13) and (14), such that:
D ¼ E þ _E : e _e1 ð15Þ
Different expressions for _E are derived next based on adapting three
different transformation hypotheses to relate the healing conﬁgura-
tion to the damaged conﬁguration.
In this paper, the mechanisms such as viscoelasticity and visco-
plasticity have not been considered to avoid unnecessary complex-
ities. Therefore, derivations are presented for the elastic-damage-
healing cases for simplicity. The extension of the proposed healing
framework to more complex cases such as viscoelasticity and
viscoplasticity will be the subject of a future work. As argued be-
fore, the stiffness moduli in the effective and healing conﬁgura-
tions are the same (Eq. (10)) and do not change during the
loading–unloading history or as the material damages or heals.
Hence, one can simply imply that for elastic-damage-healing mate-
rials, the secant and tangent stiffness moduli in both effective and
healing conﬁgurations are the same as the initial undamaged stiff-
ness modulus of the intact materials, such that:
E ¼ E ¼ D ¼ D ð16Þ
Moreover, stress and strain tensors and their rates are related
through the following relationships:
r ¼ E : e; _r ¼ D : _e ð17Þ
Taking the time derivative of Eq. (8) yields:
_r ¼ ½1 /ð1 hÞ _rþ ð _/þ _/hþ / _hÞr ð18Þ
Now, several transformation hypotheses from the healing con-
ﬁguration to the damage conﬁguration are discussed. It should
be noted that Eqs. (9) and (16) relate the stress tensors and stiff-
ness moduli in the effective and healing conﬁgurations. One can
also establish a general relationship between the strain tensors
in the effective and healing conﬁgurations. Eq. (16) yields:
E ¼ E) r : e1 ¼ r : e1 ð19Þ
Substituting Eq. (9) into Eq. (19) gives:
e ¼ 1 /ð1 hÞ
1 /
 
e ð20Þ
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urations and shows that these two tensors will be the same when
healing is not included (i.e. h = 0) or when there is no damage (i.e.
/ = 0). Otherwise, there will be differences between the strain ten-
sors in the effective and healing conﬁgurations depending on the
levels of damage and healing. It should be noted that Eq. (20) is va-
lid for common transformation hypotheses of the continuum dam-
age mechanics (which will be discussed later in this work) and is
independent of the postulated transformation hypothesis.
In the next sub-sections, the relationships between the strain
tensors and stiffness moduli in the nominal (damaged) and healing
conﬁgurations will be established for different transformation
hypotheses. Relations between the stress tensors, stiffness moduli,
and strain tensors in the healing and effective conﬁgurations can
evidently be obtained using Eqs. (9), (16), and (20), respectively.
3.1. Strain equivalence hypothesis
The ﬁrst commonly used hypothesis in CDM to relate the nom-
inal stress and strain tensors (r and e) to the stress and strain ten-
sors in the undamaged effective conﬁguration (r and eÞ is the
strain equivalence hypothesis which states that the strain tenors
in the nominal and effective conﬁgurations are equal (Lemaître
and Chaboche, 1990). This is the simplest transformation hypothe-
sis that one can think about and makes the theoretical derivation
and numerical implementation of constitutive models relatively
easier. However, this hypothesis is inaccurate in case of large
deformations and/or signiﬁcant damage evolution. This hypothesis
is extended here for the healing conﬁguration such that one can as-
sume that the strain tensors in the nominal and healing conﬁgura-
tions are equal, such that:
e ¼ e ) _e ¼ _e ð21Þ
It should be noted that equivalency of the strain tensors in the heal-
ing and nominal conﬁgurations does not imply the equivalency of
the strain tensors in the effective and healing conﬁgurations when
healing is included. In fact, Eq. (20) relates the strain tensors in
the healing and effective conﬁgurations when healing is included.
Substituting Eq. (18) into _e ¼ D1 : _r (Eq. (14)) yields:
_e ¼ ½1 /ð1 hÞD1 : _rþ ð _/þ _/hþ / _hÞD1 : r ð22Þ
Substituting Eq. (17)2 into Eq. (22) yields:
_e ¼ ½1 /ð1 hÞD1 : D : _eþ ½ _/þ _/hþ / _hD1 : D : e ð23Þ
Furthermore, substituting Eq. (21) into Eq. (23) gives:
D ¼ ½1 /ð1 hÞ þ ð _/hþ / _h _/Þe : _e1D ð24Þ
Eq. (24) expresses the changes in the nominal tangent stiffness as a
function of the damage variable, the healing variable, the strain level,
and their rates. Aswill be shown in the subsequent developments, Eq.
(24) is able to capture the nonlinear response of the material during
the loading aswell as the unloading processes. Another feature of Eq.
(24) is that it takes into account the deformation history by including
the strain level. This equation can also capture the changes in the
stiffness modulus at the loading–unloading point in the cyclic load-
ing which is triggered by the presence of the strain rate in Eq. (24).
One can also simply derive the relation between the secant stiff-
ness modulus and its rate in the nominal and healing conﬁgura-
tions by substituting Eqs. (12), (17)1, and (21) into Eq. (8), such
that:
E ¼ ½1 /ð1 hÞE ð25Þ
Taking the time derivative of Eq. (25) and noting that the secant
modulus in the healing conﬁguration is constant (i.e.
_
E ¼ 0Þ imply:_E ¼ ð _/þ _/hþ / _hÞE ð26Þ
Eqs. (25) and (26) relate the secant stiffness modulus and its rate in
the nominal conﬁguration to their corresponding counterparts in
the healing conﬁguration. It should be noted that Eq. (24) can be de-
rived simply by substituting Eqs. (16), (25), and (26) into Eq. (15).
3.2. Elastic strain energy equivalence hypothesis
Another commonly used transformation hypothesis in CDM is
the elastic strain energy equivalence hypothesis (Cordebois and
Sidoroff, 1982; Voyiadjis and Kattan, 1993; Lemaître et al., 2000),
which is more physically sound comparing to the strain equiva-
lence hypothesis (Abu Al-Rub and Voyiadjis, 2003). The elastic
strain energy densities in the nominal and healing conﬁgurations
for the elastic-damage-healing materials can be written as follows:
W ¼ 1
2
r : e; W ¼ 1
2
r : e ð27Þ
The elastic strain energy equivalence hypothesis states that the
elastic strain energy densities in the nominal and effective conﬁgu-
rations are the same (i.e. the elastic strain energy is stored in the in-
tact material). This hypothesis is postulated here for the nominal
and healing conﬁgurations, such that:
W ¼W ð28Þ
However, this hypothesis does not imply the equivalency of the
elastic strain energy in the nominal and effective conﬁgurations
when healing is included. The relationship between the elastic
strain energies in the effective, nominal, and healing conﬁgurations
can be obtained using Eqs. (9), (20), and (28), such that:
W ¼W ¼ 1 /
1 /ð1 hÞ
 2
W ð29Þ
where W ¼ r : e=2. Eq. (29) shows that the elastic strain energy in
the effective conﬁguration will be equivalent to that in the nominal
and healing conﬁgurations only when the healing variable is zero
(i.e. healing is not included) or when there is no damage. Substitut-
ing Eqs. (8) and (27) into Eq. (28) yields:
e ¼ ½1 /ð1 hÞe ð30Þ
Eq. (30) relates the strain tensors in the nominal and healing conﬁg-
urations. The relationship between the tangent moduli in the nom-
inal and healing conﬁgurations can then be obtained by substituting
Eqs. (12), (14), (16), (17), and (30) into Eq. (18), such that:
D ¼ f½1 /ð1 hÞ2 þ 2ð _/þ _/hþ / _hÞ½1 /ð1 hÞe : _e1gD
ð31Þ
Furthermore, the relations between the secant stiffness modulus
and its rate in the nominal and healing conﬁgurations can be de-
rived by substituting Eqs. (12), (16), (17)1, and (30) into Eq. (8), such
that:
E ¼ ½1 /ð1 hÞ2E ð32Þ
_E ¼ 2ð _/þ _/hþ / _hÞ½1 /ð1 hÞE ð33Þ
Equivalently, substituting Eqs. (32) and (33) into Eq. (15) conﬁrms
Eq. (31).
3.3. Power equivalence hypothesis
Another transformation hypothesis to relate strains and stiff-
ness moduli in the nominal and effective conﬁgurations in the ab-
sence of micro-damage healing is the power equivalence
hypothesis. This hypothesis has been used by several researchers
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such as viscoelasticity and viscoplasticity. To name a few, Lee et al.
(1985), Voyiadjis and Thiagarajan (1997), and Voyiadjis et al.
(2004) used this hypothesis to couple damage to plasticity and/or
viscoplasticity models. This hypothesis is extended here to the
healing conﬁguration (instead of the effective conﬁguration) such
that one can assume that the power expenditures in the nominal
and healing conﬁgurations are the same. This hypothesis is attrac-
tive for mechanisms associated with dissipation processes since
the correct estimation of the dissipated energy is generally needed.
It is noteworthy that using the power equivalence hypothesis
along with the concept of the stress in the healing conﬁguration
is both numerically and physically interesting. Using the concept
of the stress in the healing conﬁguration eliminates numerical
complexities associated with direct coupling between the damage
and healing constitutive equations and at the same time makes
these simpliﬁcations physically sound since it allows the accurate
estimation of the dissipated energy in the healing conﬁguration.
The power expenditures in the nominal and healing conﬁgura-
tions can be written as:
P ¼ 1
2
r : _e; P ¼ 1
2
r : _e ð34Þ
Power equivalence hypothesis states that the power expenditure in
the nominal, P, and healing, P, conﬁgurations are the same, such
that:
P ¼ P ð35Þ
Substituting Eqs. (8) and (34) into Eq. (35) yields:
_e ¼ ½1 /ð1 hÞ _e ð36Þ
which relates the rate of the nominal strain tensor to its rate in the
healing conﬁguration. Substituting r from Eq. (8) along with _e from
Eq. (14) into Eq. (34)1 gives:
P ¼ 1
2
½1 /ð1 hÞr : D1 : _r ð37Þ
Substituting Eqs. (16), (17)2, and (18) into Eq. (37) gives:
P ¼ 1
2
½1 /ð1 hÞ2r : D1 : D
: _eþ 1
2
½1 /ð1 hÞð _/þ _/hþ / _hÞr : D1 : D : e ð38Þ
Using the power equivalence hypothesis (Eq. (35)) along with Eqs.
(34) and (38), one obtains the following expression for the tangent
moduli:
D¼f½1/ð1hÞ2þ½1/ð1hÞð _/þ _/hþ/ _hÞe : _e1gD ð39Þ
The expressions in Eqs. (24), (31), and (39) show different rela-
tions between the tangent moduli in the nominal and healing con-
ﬁgurations when different transformation hypotheses are
postulated. Note that the right-hand-side of Eq. (39) is expressed
as a function of the strain tensor, e, and its rate, _e, in the healing
conﬁguration. One may still represent the right-hand-side of Eq.
(39) as a function of the strain tensor in the nominal conﬁguration
by using Eq. (36), such that:
e ¼
Z t
0
½1 /ð1 hÞ _edt ð40Þ
Applying the integration by parts to Eq. (40) implies:
e ¼ ½1 /ð1 hÞe
Z t
0
ð _/þ _/hþ / _hÞedt ð41Þ
Eqs. (30) and (41) show that postulating the power equivalence
hypothesis yields a more general relationship between the straintensors in the nominal and healing conﬁgurations as compared to
the relations obtained by postulating the elastic strain energy or
strain equivalence hypotheses. The difference between Eqs. (30)
and (41) will be negligible for very slow processes where rate of
the healing and damage variables are close to zero. Otherwise, there
will be signiﬁcant difference between these two expressions. Eq.
(39) can now be expressed in terms of the nominal strain tensor
by substituting Eqs. (36) and (41) into Eq. (39), such that:
D ¼

½1 /ð1 hÞ2 þ e : _e1½1 /ð1 hÞð _/þ _/hþ / _hÞ
ð _/þ _/hþ / _hÞ
Z t
0
ð _/þ _/hþ / _hÞedt
 
: _e1

D ð42Þ
Furthermore, the relationship between the secant stiffness
moduli in the nominal and healing conﬁgurations can be obtained
by substituting Eqs. (12), (17)1, and (41) into Eq. (8), such that:
E¼ ½1/ð1hÞ2½1/ð1hÞ
Z t
0
ð _/þ _/hþ/ _hÞedt
 
: _e1
 
E
ð43Þ
Moreover, taking the time derivative of Eq. (43) yields:
_E ¼

½1 /ð1 hÞð _/þ _/hþ / _hÞ  ð _/þ _/hþ / _hÞ

Z t
0
ð _/þ _/hþ / _hÞedt
 
: e1½1 /ð1 hÞ

Z t
0
ð _/þ _/hþ / _hÞedt
 
: e1 : _e : e1

E ð44Þ
Eqs. (39) and (42) show the expressions for relating the dam-
aged (nominal) tangent stiffness modulus to the stiffness of the in-
tact material as a function of the damage density, healing variable,
strain, and their rates. These relations can be used to capture the
nonlinear change in the stiffness during the unloading since during
the unloading both the strain and the healing variable change. Fur-
thermore, the presence of the strain rate enriches Eqs. (24), (31),
and (39) to capture the changes in the stiffness modulus of the
loading–unloading point in the cyclic loading. These important fea-
tures of these equations will be shown in the following section in
order to show the capabilities of the model in cyclic loading.
4. Damage and healing evolution functions
Several examples are presented in this section to show the
capabilities of the proposed micro-damage healing framework in
capturing the nonlinear response of materials under cyclic loading.
Recently, Darabi et al. (2011a) and Abu Al-Rub et al. (2010) have
proposed and validated rate-dependent damage (viscodamage or
delay-damage) and healing models, respectively, and coupled
those to viscoelasticity and viscoplasticity constitutive models to
predict the mechanical response of bituminous materials. A gen-
eral thermodynamic framework for constitutive modeling of the
damage and micro-damage healing processes in self-healing mate-
rials is presented in the Appendix. Also, in the Appendix, the pro-
posed thermodynamic framework is used to derive the
constitutive models of Darabi et al. (2011a) and Abu Al-Rub et al.
(2010).
The rate-dependent damage model (viscodamage) of Darabi
et al. (2011a) can be written as follows:
_/ ¼ Cvd Y
Yth
 !q
ð1 /Þ2 expðkeeff Þ ð45Þ
where Cvd is the viscodamage viscosity parameter that controls
how fast damage nucleates and grows; k and q are model parame-
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Fig. 4. Experimental data and model predictions with and without micro-damage
healing model for the uniaxial repeated creep-recovery tests in compression for
different loading times (LT) and unloading times (UT) when the applied stress is
1500 kPa and temperature is 20 C. (a) LT = 120 s and UT = 100 s; (b) LT = 60 s and
UT = 100 s; (c) LT = 60 s and UT = 1500 s.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eijeij
q
is the effective (or equivalent) strain; Yth is the
threshold damage force; and Y is the damage driving force which
has the extended Drucker–Prager form, such that:
Y ¼ svd  aI1 ð46Þ
where svd is the deviatoric component of the damage force in the
healing conﬁguration, such that:
svd ¼
ﬃﬃﬃﬃﬃﬃﬃ
3J2
q
2
1þ 1
dvd
þ 1 1
dvd
 
3J3ﬃﬃﬃﬃﬃﬃﬃ
3J32
q
2
64
3
75 ð47Þ
where dvd is a material parameter which gives the distinction of the
material’s damage response in compressive and extensive loading
conditions; J2 ¼ 12sijsij and J3 ¼ 12sijsjkski are the second and the third
deviatoric stress invariants with sij ¼ rij  13 rkkdij being the devia-
toric stress and dij being the Kronecker delta.
Darabi et al. (2011a,b) coupled this viscodamage model to the
Schapery’s (1969)viscoelasticity model and Perzyna’s (1971) visco-
plasticity model and successfully validated the model against an
extensive experimental data on bituminous materials including
creep, constant strain rate, and single creep-recovery tests at vari-
ous temperatures, stress levels, and strain rates in both tension and
compression. The model showed reasonable predictions with the
experimental measurements. However, the model underestimated
the number of loading cycles up to failure for the repeated creep-
recovery tests when relatively long rest periods were introduced
between the loading cycles. The reason for this underestimation
was related to micro-damage healing occurring during the unload-
ing time or the rest period (see e.g.Kim and Little, 1990; Little and
Bhasin, 2007; Bhasin et al., 2008). To remedy this issue, Abu Al-Rub
et al. (2010) proposed a simple phenomenological-based healing
model which can be written as follows:
_h ¼ Chð1 /Þm1 ð1 hÞm2 ð48Þ
where Ch is the healing viscosity parameter controlling the rate of
the micro-damage healing, and m1 and m2 are model material
parameters.
It was shown that consideration of micro-damage healing sig-
niﬁcantly improves the predictions of the repeated creep-recovery
tests in both tension and compression. The repeated uniaxial
creep-recovery tests in compression were conducted for different
loading/unloading times when the applied stress level was
1500 kPa. Fig. 4 shows the model predictions with and without
considering micro-damage healing for the uniaxial repeated
creep-recovery tests for different loading/unloading times.
Fig. 4(a)–(c) show that as the rest period increases, the model
predictions without the micro-damage healing signiﬁcantly under-
estimates the experimental measurements. The reason is that
more micro-cracks can heal as the rest period increases. On the
other hand, once the micro-damage healing is considered, the
model predictions agree well with the experimental measure-
ments. Model predictions for the uniaxial repeated creep-recovery
tests in tension are also presented in Fig. 5. Fig. 5 also shows the
capability of the micro-damage healing model in capturing the
experimental measurements in the presence of the rest periods.
Figs. 4 and 5 show the model capabilities in capturing the effect
of micro-damage healing on the mechanical response of materials
(please refer to Abu Al-Rub et al. (2010) for more details).
It should be noted that these constitutive models for the dam-
age and micro-damage healing should be regarded as simpliﬁed
illustrations and not full-ﬂedged constitutive models. Although
the main goal of this paper is not to compare with experimental
measurements, speciﬁc damage and micro-damage healing modelsthat have been validated thoroughly are selected in order to show
the characteristics of the proposed general framework.
The main objective of this study is to investigate the qualitative
effect of the damage and micro-damage healing models on
mechanical response of materials. Therefore, to avoid unnecessary
01
2
3
4
5
0 200 400 600 800 1000 1200
St
ra
in
 
(%
)
Time (Sec)
Experimental data
Model prediction without healing
Model prediction including healing
(a) 
0.0
0.5
1.0
1.5
2.0
0 200 400 600 800 1000
St
ra
in
 
(%
)
Time (Sec) 
Experimental data
Model prediction without healing
Model prediction including healing
(b) 
0.0
0.5
1.0
1.5
2.0
2.5
3.0
0 500 1000 1500 2000
St
ra
in
 
(%
)
Time (Sec)
Experimental data
Model prediction without healing
Model prediction including healing
(c) 
Fig. 5. Experimental data and model predictions with and without micro-damage
healing model for the uniaxial repeated creep-recovery tests in tension for different
loading times (LT) and unloading times (UT) when the applied stress is 300 kPa and
temperature is 20 C. (a) LT = 120 s and UT = 100 s; (b) LT = 60 s and UT = 50 s; (c)
LT = 60 s and UT = 100 s.
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cro-damage healing models are considered in this work. The sim-
pliﬁed form of the viscodamage model which is used in this
work can be written as follows:_/ ¼ Cvd Y
Yth
 !
ð1 /Þ2 expðkeeff Þ; Y ¼
ﬃﬃﬃﬃﬃﬃﬃ
3J2
q
ð49Þ
The presented viscodamage model in Eq. (49) can be treated
analogously to viscoplasticity models such that the damage vari-
able evolves when the material state is on or outside the viscodam-
age loading surface. The viscodamage loading surface can be
simply extracted from the damage evolution function in Eq. (49)
as follows:
f vd ¼ Y
Yth
ð1 /Þ2 expðkeeff Þ 
_/
Cvd
6 0 ð50Þ
where fvd is the viscodamage loading surface. Hence, the damage
variable / evolves when the viscodamage surface is equal or greater
than zero.
Moreover, the simpliﬁed form of the micro-damage healing
model which is used in this work can be written as follows:
_h ¼ Ch½ð1 /Þð1 hÞm ð51Þ
The following initiation condition was also postulated for the heal-
ing model:
f h ¼ ehth  eeff 6 0 ð52Þ
where fh is the healing loading surface, ehth is the healing threshold
strain, and eeff is the effective strain. Eq. (52) assumes that the heal-
ing variable evolves when the total effective strain is smaller than
the healing threshold strain. In other words, the healing occurs at
very small strains such that the micro-crack faces are close to each
other and can wet each other in order for healing to occur. More-
over, it should be noted that healing cannot occur during the dam-
age process and vice versa (i.e. a micro-crack cannot propagate and
heal at the same time; either propagates or heals). Hence, the rate of
healing will be zero when damage is evolving (i.e. when _/P 0Þ.
In the following subsections, the effect of assuming rate-depen-
dent damage versus rate-independent damage on the mechanical
responses will also be investigated. Therefore, the following func-
tion is assumed to describe the rate-independent damage model,
such that:
/ ¼ c Y
Yth
 !
expðkeeff Þ ð53Þ
The main difference between Eqs. (49) and (53) is that the former is
time- and rate-dependent which considers the loading time as well
as the loading rate while the later is time- and rate-independent.
It is noteworthy that the presented models will be used to show
qualitative effects of damage and healing on the mechanical re-
sponse of elastic-damage-healing materials. Obviously, the evolu-
tion functions for the damage and healing models can be
different for different materials, but similar qualitative trends will
be obtained by following the above formulated continuum damage
mechanics framework considering micro-damage healing.
5. Numerical implementation procedure for different
transformation hypotheses
The implementation procedure for the presented elastic-dam-
age-healing model using different transformation hypotheses is
discussed in this subsection. However, as it will be discussed, the
implementation procedure is general and independent of the se-
lected evolution functions for the damage and healing models.
The use of the concept of the stress in the healing conﬁgurations
substantially simpliﬁes the numerical implementation of the dam-
age and healing models, especially, for complex constitutive mod-
els where damage and healing models are coupled to
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can update the stress tensor in the healing conﬁguration rtþDt
without facing the complexities associated with the direct cou-
plings of the damage and healing models to the rest of the consti-
tutive model. The updated stress in the healing conﬁguration can
then be used to update the damage and healing variables and sub-
sequently the nominal stress tensor. It should be noted that the
nominal strain increment tensor Det+Dtas well as the nominal total
strain tensor et+Dt at the current time t +Dt are given at the begin-
ning of each increment. The nominal strain tensor and its incre-
ment will be the same as those in the healing conﬁguration if the
strain equivalence hypothesis is used. However, the nominal strain
tensor and its increment will be different from their corresponding
values in the healing conﬁguration if either the elastic strain en-
ergy equivalence or the power equivalence hypotheses are used.
Therefore, an iterative scheme is needed to obtain the total strain
and the strain increment tensors in the healing conﬁguration at
time t +Dt when the elastic strain energy equivalence or power
equivalence hypotheses are used. The total nominal strain tensor
and its increment at the current time t +Dt, the values of the inter-
nal state variables (i.e. /, h, and /eff) at previous time t, and the
stress tensors in the nominal and healing conﬁgurations at previ-
ous time t are known. The objective is to update the current stress
tensors in the nominal and healing conﬁgurations as well as the
strain tensor in the healing conﬁguration at the current time
t + Dt. Hence, one can start with a trial strain tensor in the healing
conﬁguration when the elastic strain energy equivalence hypothe-
sis is used, such that:
etr;tþDt ¼ 1 /teff
	 

etþDt ð54Þ
Similarly, one can start with a trial strain increment in the healing
conﬁguration when the power equivalence hypothesis is used, such
that:
Detr;tþDt ¼ 1 /teff
	 

DetþDt ð55Þ
Subsequently, the total trial strain tensor in the healing conﬁgura-
tion can be obtained for the power equivalence hypothesis (using
Eq. (55)), such that:
etr;tþDt ¼ et þ Detr;tþDt ð56Þ
The trial strain in the healing conﬁguration (Eq. (54)) for the
elastic strain energy equivalence hypothesis; Eqs. (55) and (56)
for the power equivalence hypothesis] can then be fed to
Hooke’s law (Eq. (17)) to update the stress in the healing conﬁg-
uration. The next step is to calculate the damage and healing
variables based on the obtained trial strain and stress tensors
in the healing conﬁguration. In this step, the damage force in
the healing conﬁguration (i.e. YÞ and the strain tensor in the
healing conﬁguration (i.e. eÞ are constant. Therefore, one can
start with the trial value for the viscodamage surface, Eq. (50),
such that:
f vd;tr ¼ Y
Yth
ð1 /tÞ2 expðkeeff Þ  D/
t
CvdDt
ð57Þ
The damage increment can now be obtained using the Newton–
Raphson scheme. However, the differential of the fvd with respect
to D/ is needed which can be expressed as follows:
@f vd
@D/
¼  Y
Yth
ð1 /Þ expðkeeff Þ  1
CvdDt
ð58Þ
Hence, the damage density increment at the k + 1 iteration can be
obtained as follows:ðD/tþDtÞkþ1 ¼ ðD/tþDtÞk  @f
vd
@D/tþDt
 k" #1
f vd ð59Þ
The damage density can then be obtained, such that:
/tþDt ¼ /t þ _/tþDtDt ð60Þ
The same procedure can be applied to calculate the healing variable.
In other words, the rate of the healing variable _htþDt (if the healing
criterion is met) should be calculated ﬁrst using Eq. (51). However,
as mentioned earlier, healing does not occur during the damage
process and vice versa. Hence, the healed area Ah remains constant
during the damage evolution. However, during the healing process
both the healing area Ah and the total damage area AD = Ah + Auh
which is the summation of the healed and unhealed damage areas
evolve. Taking the time derivative of Eq. (5) and making use of Eq.
(4) yield the following relations for the updated healing variable:
htþDt ¼ /t
/tþDt
ht; _/tþDt P 0
htþDt ¼ ht þ _htþDtDt; _/tþDt ¼ 0
8<
: ð61Þ
The new trial strain tensor in the healing conﬁguration will then be
recalculated using updated damage and healing variables. At the
end of the iteration, the new and old values of the strain tensor in
the healing conﬁguration will be compared to check the conver-
gence. Fig. 6 shows the ﬂowchart for implementation of the pre-
sented elastic-damage-healing constitutive model using different
transformation hypotheses.
6. Numerical results and examples
The presented elastic-damage-healing model is implemented in
the well-known commercial ﬁnite element code Abaqus (2008) via
the user material subroutine UMAT. The ﬁnite element model con-
sidered here is simply a three-dimensional single element (C3D8R)
available in Abaqus.
6.1. Example 1: different transformation hypotheses
The effect of postulating different transformation hypotheses on
the mechanical responses is investigated in this subsection. The
rate-dependent damage and healing models (Eqs. (45) and (48))
along with the model parameters listed in Table 1 are used for
the examples presented in this section.
The ﬁrst simulated example is the uniaxial constant strain rate
test (i.e. strain-controlled uniaxial test). The strain rate is selected
as 0.005/sec. The loading history for this test is shown in Fig. 7(a).
Therefore, during this numerical test, no healing is expected. The
stress–strain responses using different transformation hypotheses
are shown in Fig. 7(b). Fig. 7(b) shows that the response of all
transformation hypotheses is close to each other at small strains.
However, these responses deviate when the strain and subse-
quently the damage density increase. Fig. 7(b) shows different re-
sponses for the peak point of the stress–strain diagram and the
post peak region in the stress–strain diagram when different trans-
formation hypotheses are postulated. Furthermore, it shows that
the stress–strain response using the power equivalence hypothesis
lies between the numerical results from the strain equivalence and
elastic strain energy equivalence hypotheses. The ratio of the elas-
tic strain energy and the expended power in the healing conﬁgura-
tion to their corresponding values in the nominal conﬁguration for
different transformation hypotheses are plotted in Fig. 7(c) and (d),
respectively. Fig. 7(c) shows that both the strain equivalence and
power equivalence hypotheses predict higher values for the elastic
strain energy in the healing conﬁguration comparing to their cor-
responding values in the nominal conﬁguration. However, this
Known tσ , tε , tσ , tε , tφ , th , and teffφ . 
Given t t+ΔΔε  and as a result t t+Δε . 
Update t t+Δσ  using the trial strain in the healing configuration, Eq. (17).  
Update damage variable using the updated stress t t+Δσ  [Eqs. (45), (60)].  
t t t t+Δ +Δ
=ε ε
Set ,t t tr t t+Δ +Δ=ε ε . Calculate the trial strain in the 
healing configuration 
( ), 1t t tr t t teffφ+Δ +Δ= −ε ε . 
Calculate the trial strain and strain 
increment in the healing configuration; 
( ), 1t t tr t t teffφ+Δ +ΔΔ = − Δε ε
,,t t tr t t t tr+Δ +Δ
= + Δε ε ε . 
Update healing variable using the updated stress t t+Δσ  [Eqs. (48), and (61)].  
, Tolt t t t tr+Δ +Δ− ≤ε ε
Correct the trial strain in 
the healing configuration 
,t t tr t t+Δ +Δ
=ε ε . 
Elastic strain energy equivalence hypothesis 
Strain equivalence hypothesis 
Power equivalence hypothesis 
Correct the trial strain in the 
healing configuration 
,t t tr t t+Δ +ΔΔ = Δε ε
,t t tr t t t+Δ +Δ
= + Δε ε ε . 
No No 
Yes Yes Yes 
Update t t+Δσ  , t t+Δε , t tφ +Δ , t th +Δ , and t teffφ +Δ . 
Update the nominal stress tensor  t t+Δσ  using Eq. (8). 
( )1t t t t t teff
t t t t t
φ+Δ +Δ +Δ
+Δ +Δ
Δ = − Δ
= + Δ
ε ε
ε ε ε
( ),1t t t t t t teffφ+Δ +Δ +Δ= −ε ε
Fig. 6. A ﬂowchart showing the general ﬁnite element implementation procedure of the elastic-damage-healing model using different transformation hypotheses.
Table 1
Model parameters associated with the presented elastic-damage-healing constitutive
model.
E (GPa) m c C
vd (s1) k Yth (MPa) Ch (s1) m ehth
2 0.25 0.25 5  107 75 2 0.03 2 0.001
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esis is used. On the other hand, Fig. 7(d) shows that the strain
equivalence hypothesis predicts larger values for the expended
power in the healing conﬁguration comparing to its corresponding
value in the nominal conﬁguration; whereas, the elastic energy
equivalence hypothesis predicts lower values for the expended
power in the healing conﬁguration comparing to that in the nom-
inal conﬁguration. However, it should be noted that the main pur-
pose of using the ﬁctitious healing and/or effective conﬁgurations
along with a speciﬁc transformation hypothesis is to make the
implementation simpler while the underlying physics is preserved.
Also, a proper transformation hypothesis is a one that leads to a
constitutive model that is equivalent when expressed in both the
nominal and healing conﬁgurations since both conﬁgurations are
tools to represent the same material behavior. It is also interestingto look at this problem from the thermodynamic point of view. As
stated by Ziegler (1977) and have used by many other researchers
(Coleman and Gurtin, 1967; Rice, 1971; Ziegler, 1983; Ziegler and
Wehrli, 1987; Fremond and Nedjar, 1996; Collins and Houlsby,
1997; Shizawa and Zbib, 1999) the constitutive equations for a
material are fully determined by the knowledge of the Helmholtz
free energy and a dissipation function such as the rate of the en-
ergy dissipation. Therefore, two systems will be thermodynami-
cally equivalent if they predict equivalent responses for an
energetic function such as the stored energy and for a dissipative
function such as dissipated power. As shown in Fig. 5(c) and (d),
none of these hypotheses predict the same value for both of these
two energetic measures (i.e. strain energy and energy power) func-
tions in nominal and healing conﬁgurations. Therefore, qualitative
investigation of the responses of each transformation hypothesis is
extremely important in deciding the properness of a speciﬁc trans-
formation hypothesis for a speciﬁc type of material. For example,
one can use the strain equivalence hypothesis for simplicity if
the damage density is expected to be low. On the other hand,
one may use the elastic energy equivalence hypothesis for the brit-
tle materials for which the elastic strain energy can be considered
as the driving force for damage nucleation and growth. Finally, the
Fig. 7. Model predictions for a uniaxial constant strain rate test using different transformation hypothesis. (a) Loading history; (b) stress–strain responses; (c) ratio of the
elastic strain energy in the healing conﬁguration over that in the nominal conﬁguration; (d) ratio of the expended power in the healing conﬁguration over that in the nominal
conﬁguration; and (e) tangent stiffness moduli.
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tive models including viscoelasticity and viscoplasticity in which
case the elastic strain energy is negligible comparing to the total
strain energy and also the dissipative power and energy becomes
of great interest. Appendix presents a general thermodynamicframework for constitutive modeling of damage and micro-dam-
age healing mechanisms. This proposed thermodynamic frame-
work is in line with the key assumption of Ziegler’s work since it
only needs the information of the Helmholtz free energy and rate
of the energy dissipation to derive the constitutive models. This
(b) (a) 
(d) (c) 
(e) 
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Fig. 8. Model predictions for a uniaxial constant stress rate test using different transformation hypothesis. (a) Loading history; (b) stress–strain responses; (c) ratio of the
elastic strain energy in the healing conﬁguration over that in the nominal conﬁguration; (d) ratio of the expended power in the healing conﬁguration over that in the nominal
conﬁguration; and (e) tangent stiffness moduli.
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sis since it is so far the most physically-based transformation
hypotheses.
Finally, the tangent stiffness moduli for different transformation
hypotheses are plotted in Fig. 7(e). The negative values of thetangent stiffness modulus show that the material is in the post
peak (softening) region.
The above simulation is repeated for the case of a uniaxial con-
stant stress rate test as well (i.e. stress-controlled uniaxial test).
The loading history, stress–strain response, the ratio of the elastic
E(
GP
a)
Strain equivalence hypothesis. 
Both strain control and stress 
control tests. 
Elastic strain energy equivalence 
hypothesis. Both strain control and 
stress control tests. 
Power equivalence hypothesis. 
Strain control test. 
Power equivalence hypothesis. 
Stress control test. 
0
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Fig. 9. Model predictions of the secant stiffness moduli for both uniaxial constant
stress and uniaxial constant strain rate tests using different transformation
hypotheses. The secant stiffness modulus is path-independent when strain equiv-
alence or elastic strain energy equivalence hypotheses are used. However, secant
stiffness modulus depends on loading history when the power equivalence
hypothesis is used.
Time (sec) 
ε (%) 
3 
5 
0 6 12 12+ Rt  22+ Rt
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Fig. 10. Loading history for the example simulated in Section 6.2. Different rest
times tR are introduced between the loading cycles to investigate the effect of the
healing level on stiffness and strength recovery.
M.K. Darabi et al. / International Journal of Solids and Structures 49 (2012) 492–513 505energy in the healing and nominal conﬁguration, the ratio of the
power expenditure in the healing and nominal conﬁgurations,
and the tangent stiffness using different transformation hypothe-
ses are shown in Fig. 8(a)–(e), respectively. Comparing Figs. 7
and 8 yields similar observations for both uniaxial constant strain
rate test and uniaxial constant stress rate test.
The predicted secant stiffness moduli using different transfor-
mation hypotheses are plotted in Fig. 9 for both uniaxial constant
strain rate and uniaxial constant stress rate tests. Fig. 9 shows that
the predicted secant moduli using the strain equivalence and elas-
tic strain energy equivalence hypotheses are both path-indepen-
dent. In other words, strain equivalence and elastic strain energy
equivalence hypotheses predict unique values for the secant stiff-
ness moduli for a speciﬁc damage density value regardless of the
loading history. This behavior is expected according to Eqs. (25)
and (32) for strain equivalence and elastic strain energy equiva-
lence hypotheses, respectively. In fact, Eq. (25) shows that the se-
cant stiffness modulus changes linearly as a function of the damage
density for strain equivalence hypothesis; whereas, Eq. (32) shows
that the secant stiffness modulus changes quadratic as a function
of the damage density when the elastic strain energy hypothesis
is postulated. On the other hand, the secant stiffness modulus be-
comes path-dependent when the power equivalence hypothesis is
used, as shown in Fig. 9. This behavior is also expected by investi-gating Eq. (43). Eq. (43) clearly shows that the secant stiffness
modulus is a function of the strain and strain rate in addition to
the damage density value when the power equivalence hypothesis
is assumed. This is a very interesting conclusion that needs to be
veriﬁed experimentally, which will be the focus of a future work.
Such experimental veriﬁcation will be useful to decide which
transformation hypothesis is more physically sound since this is-
sue is still an open area of research. Many argue that the strain en-
ergy equivalence hypothesis is more physically sound than the
strain equivalence hypothesis (e.g. Lemaître and Chaboche, 1990;
Voyiadjis and Kattan, 1999; Abu Al-Rub and Voyiadjis, 2003). In
fact, the current comparison shows that the power equivalence
hypothesis is more physically attractive since it takes into consid-
eration the loading path-dependency of damage evolution.
The above examples show how assuming different transforma-
tion hypotheses affect the numerical results. Therefore, each of
these transformation hypotheses can be selected according to the
importance of the speciﬁc quantities for a speciﬁc material. For
example, the strain equivalence hypothesis can be used for sim-
plicity when the damage density is not expected to have a signiﬁ-
cant value. The elastic energy equivalence hypothesis can be used
for the elastic-damage materials where the elastic strain energy
could be the driving force for the damage evolution. Finally, one
may use the power equivalence hypothesis for constitutive models
with the dissipative nature (such as viscoelasticity and viscoplas-
ticity) where the elastic strain energy is negligible comparing to
the total strain energy and also the dissipative power and energy
becomes of great interest.
6.2. Effect of healing on stiffness recovery
In this subsection, the effect of the healing on the mechanical
response of the elastic-damage-healing materials is investigated.
The power equivalence hypothesis is used in this example since
it is, so far, the most physically-based hypothesis. However, adapt-
ing the other transformation hypotheses will not affect the qualita-
tive results obtained in this subsection. The rate-dependent
damage and healing models are used (Eqs. (49) and (51)). The mod-
el parameters used in this section are listed in Table 1. The loading
history shown in Fig. 10 can be summarized as follows:
– The material is loaded with a constant strain rate until it is par-
tially damaged (up to 3% strain in this case).
– The load is removed with the same rate until the strain reaches
zero.
– Material remains in rest for time tR such that the induced micro-
damages can partially heal. As explained before, Eq. (51) is
time-dependent. Hence, more damages will heal for longer rest
periods. Therefore different rest periods tR are examined to
investigate the effect of different healing levels on the stiffness
recovery during the reloading.
– Material is reloaded with the same strain rate until signiﬁcant
amount of damage is developed.
Four different rest periods of 0, 50, 200, and 500 sec are as-
sumed in this example. Fig. 11(a) and (b) show the stress–time
and stress–strain responses for different rest periods tR, respec-
tively. As shown in Fig. 11(a) and (b), the material recovers part
of its strength and also restores its ability to carry more stress dur-
ing the reloading as the rest period increases (or equivalently as
the healing variable increases). Moreover, the mechanical response
during the reloading becomes closer to the response of the mono-
tonic loading as the rest period increases. A normalized rest time
n = t/tR is deﬁned to make the comparison of the effective damage
density, /eff, and healing, h, variables for different rest periods eas-
ier. Hence, n = 0 indicates the start of the rest period, whereas n = 1
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Fig. 11. (a) Stress–time; (b) stress–strain diagrams for the loading history shown in Fig. 7. Model predictions show more recovery in the stiffness during the reloading as tR
and consequently the healing variable increases.
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and healing variables are plotted versus the normalized rest time
n in Fig. 12(a) and (b), respectively. Fig. 12(a) shows that at the
beginning of the rest period the effective damage density is the
same for all cases. However, the effective damage density variable
decreases during the rest period as a result of micro-damage heal-
ing. Fig. 12(a) shows that the longer the rest period, the lower the
effective damage density at the end of rest period. One would ex-
pect the effective damage density to reach zero and the healing
variable to reach one if long enough rest period is introduced be-
tween the loading cycles. In other words, the model shows that
for ideal cases, the material can retrieve all its strength and stiff-
ness and as a result becomes identical to the virgin state of the
material if put in rest for a long enough time. This can also be ex-
plained by looking at Fig. 11(b) showing that for long rest periods
the material response during the reloading converges to the re-
sponse of the monotonic loading.6.3. Effect of the healing and damage models on predicting the fatigue
damage
Other features of the healing model as well as the consequences
of postulating rate-dependent versus rate-independent damage
models are investigated in this subsection. To this end, the stress
response for a cyclic loading shown in Fig. 13 is investigated. It
should be mentioned that the power equivalence hypothesis is
used for this examples and the ones presented in the subsequent
sections. The selection of a speciﬁc transformation hypothesis will
not affect the qualitative results obtained in the following
examples.
6.3.1. Rate-independent damage model
The damage function presented in Eq. (53), with c = 5  107
and k = 50, is used for the rate-independent damage model. The
stress–strain response and the damage density versus time for
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Fig. 12. (a) Effective damage density versus the normalized rest time; smaller
values for the effective damage density at the end of the rest time as the rest time
increases; and (b) healing variable versus the normalized rest time; more damages
heal as the rest time increases.
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Fig. 13. The loading history for the examples presented in Section 6.3.
(a) 
0
5
10
15
20
25
0 0.3 0.6 0.9 1.2 1.5
St
re
ss
 (M
Pa
)
Strain (%)
0
0.05
0.1
0.15
0 10 20 30 40
Ef
fe
ct
iv
e 
am
ag
e 
de
n
sit
y
Time (sec)
(b) 
Fig. 14. Model response when using the rate-independent damage model. (a)
Stress–strain response; after the ﬁrst loading cycle both loading and unloading are
linear. (b) Damage density versus time; damage density evolves only during the
ﬁrst loading cycle and remains constant during the unloading as well as during the
next cycles.
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tively. As shown in Fig. 14(a), the unloading occurs linearly and
no hysteresis loop occurs after the ﬁrst loading cycle. In otherwords, both loading and unloading occur linearly after the ﬁrst
loading cycle. In this work, the damage kinematic hardening is
not considered. Therefore, the damage model is a function of strain
and stress level in the healing conﬁguration which makes the dam-
age variable to evolve only if the strain and/or stress level in the
healing conﬁguration exceed its maximum corresponding value
in the ﬁrst loading cycle. Obviously, the stress and strain reach
its maximum value during the ﬁrst loading cycle. Hence, damage
does not evolve during the unloading as well as the next loading
cycle which makes the presented rate-independent model incapa-
ble of predicting the nonlinear response during the unloading.
6.3.2. Rate-dependent damage model
The rate-dependent damage evolution function presented in Eq.
(49) and the model parameters listed in Table 1 are used in this
subsection. However, healing is not considered in this example.
Assuming the rate-dependent damage model allows the damage
density to evolve during both loading and unloading. In other
words, damage density evolves as long as the damage driving force
Y is greater than the threshold damage force Yth. However, damage
evolves with slower rate during the unloading. The stress–strain
response and evolution of the effective damage density (i.e.
/eff = / (1  h) where h = 0 since healing is not incorporated) are
shown in Fig. 15(a) and (b), respectively. Fig. 15(a) shows that
the model gives a nonlinear response during the unloading as well
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Fig. 15. Model responses for the rate-dependent damage model when healing is not
considered. (a) Stress–strain response; model predicts nonlinear response during
the unloading and loading, hysteresis loops form and energy dissipates at each
cycle; (b) effective damage density versus time; damage density evolves during
both loading and unloading at each cycle; however, the rate of damage evolution
decreases as the number of loading cycles increases.
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Fig. 16. Illustration of the anisotropic damage which has been postulated by Ortiz
(1985) to model the nonlinear stress–strain response during the unloading. (a) A
schematic RVE with two embedded cracks ‘‘A’’ and ‘‘B’’; (b) during the loading crack
‘‘B’’ opens and contributes to the degradation of the stiffness; and (c) during the
unloading crack ‘‘A’’ opens while partial crack closure occurs at crack ‘‘B’’. However,
the net effect causes the stiffness modulus to degrade during the unloading.
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Fig. 17. Model response for the rate-dependent damage and healing models. (a)
Stress–strain response; the hysteresis loops tend to converge to a single one as the
number of loading cycles increases and model predictions also show the jump in
the tangent stiffness modulus at unloading–loading point. (b) Effective damage
density versus time; the effective damage density decreases during the unloading
as a result of healing and reaches a plateau at large number of loading cycles. (c)
Healing variable versus time; healing variable increases at small strain levels (close
to unloading–loading points), and healing variable decreases during the loading
since the total damaged area increases.
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density can also evolve during the unloading, as shown in
Fig. 15(b).
It should be noted that Ortiz (1985) was the ﬁrst to model the
nonlinear response of the stress–strain diagram during unloadingby considering the anisotropic damage and crack closure effects.
The fundamental assumptions underlying his pioneering work
are schematically illustrated in Fig. 16. Fig. 16(a) shows a sche-
matic RVE with two embedded cracks ‘‘A’’ and ‘‘B’’ in vertical and
M.K. Darabi et al. / International Journal of Solids and Structures 49 (2012) 492–513 509horizontal directions, respectively. The RVE presented in Fig. 16(a)
is subjected to a uniaxial loading–unloading history. During the
loading phase (Fig. 16(b)), crack ‘‘B’’ opens and starts growing
which subsequently causes the stiffness modulus of the material
to degrade. However, while crack ‘‘B’’ starts closing and reduces
in size during the unloading phase (Fig. 16(c)), crack ‘‘A’’ opens
and starts growing as shown in Fig. 16(c). The reduction in size
of crack ‘‘B’’ contributes to the partial recovery in the stiffness
modulus, whereas, the opening of crack ‘‘A’’ during the unloading
contributes to the degradation of the stiffness modulus. Therefore,
the change in the stiffness modulus during the unloading is a com-
peting mechanism between the effect of the crack closure and
crack opening on the stiffness during the unloading. According to
the experimental observations, the tangent stiffness modulus usu-
ally decreases gradually during the unloading which is an indica-
tion of greater contribution of the crack opening during the
unloading (e.g. Sinha et al., 1964; Karsan and Jirsa, 1969; Ortiz,
1985; Hassan et al., 1992; Eggeler et al., 2004; Sima et al., 2008).
In this work, the anisotropic damage is not considered. However,
the nonlinear response during the unloading is modeled by allow-
ing a time-dependent degradation during the unloading through a
delay-damage (i.e. viscodamage) evolution law. The net contribu-
tion of the closure of crack ‘‘A’’ and opening of crack ‘‘B’’ (Fig. 16)
on the stiffness reduction during the unloading is captured by
allowing the material to gradually feel the presence of existing
cracks during the unloading through crack closure/opening pro-
cesses. In other words, at the onset of unloading the material mem-
orizes the damaged stiffness from the previous loading cycle such
that the presence of the newly developed micro-cracks during the
current loading cycle is not felt yet by the material. However, upon
more unloading a gradual opening/closure of existing cracks occurs
so that the material starts gradually feel the presence of those
newly developed cracks that will subsequently cause a gradual
stiffness reduction until the complete unloading as schematically
shown in Fig. 1.
Consequently, one may argue that the commonly observed non-
linear response in the stress–strain diagram during the unloading
could be due to more damage accumulation. However, careful
and extensive experimental measurements should be conducted
before one may prove this argument for a speciﬁc type of material.
Moreover, Fig. 15(a) shows that when damage is allowed to evolve
during the unloading, hysteresis loops form for each loading–
unloading cycle. Hence, energy dissipation continues even after
the ﬁrst loading–unloading cycle which could trigger the fatigue
damage.
The experimental investigations on the cyclic loading of several
materials also show a jump in the tangent stiffness modulus at the
unloading–loading points (e.g. point ‘‘A’’ in the loading history pre-
sented in Fig. 13) (e.g. Sinha et al., 1964; Karsan and Jirsa, 1969; Or-
tiz, 1985; Hassan et al., 1992). In other words, the tangent stiffness
at the end of the unloading is usually less than the tangent stiffness
at the beginning of the next reloading. However, the rate-depen-
dent damage model is not able to predict this phenomenon as
shown in Fig. 15(a).
6.3.3. Rate-dependent damage and healing models
Rate-dependent damage and healing models presented respec-
tively in Eqs. (49) and (51) are considered in this section. The damage
model parameters are as listed in Table 1. However, the healingmod-
el parameters are modiﬁed to expedite the healing evolution
Ch ¼ 0:8 s1; m ¼ 1; ehth ¼ 0:001
	 

in order to magnify the healing
effect. The stress–strain response, evolution of the effective damage
density (i.e. /eff = /(1 h)), and the evolution of the healing variable
are shown in Fig. 17(a)–(c), respectively. Fig. 17(a) shows themodel’s
ability to predict nonlinear responses during the unloading. It also
shows the formation of hysteresis loops for each loading cycles. How-ever, interestingly, themodel shows the jump in the tangent stiffness
at unloading–loading point (e.g. point ‘‘A’’ in Fig. 13) when healing is
included (this jump can be seen more clearly in Fig. 11(b) where the
tangent stiffness at the end of unloading is less than that at the begin-
ning of the reloadingwhen healing is considered).Moreover, the hys-
teresis loops converge to a single loop at high loading cycles and tend
to stabilize as shown in Fig. 17(a) (Fig. 17(a) shows that the hysteresis
loop for loading cycles 5–7 are very close together and tend to con-
verge to a single loop). As mentioned before, the healing condition
presented in Eq. (52) indicates that the healing variable starts evolv-
ing once the total effective strain is less than the threshold healing
strain. Hence, in the regions close to unloading–loading point (e.g.
point ‘‘A’’ in Fig. 13) where strain is close to zero, the healing variable
increases and subsequently the effective damage density decreases.
Therefore, the material recovers part of its strength and stiffness at
unloading–loading point that causes the stiffness to show a jump at
this point. This observation can also be explained by looking at the
effective damage density variable. As shown in Fig. 17(b), the effec-
tive damage density reaches a plateau as the number of loading cycle
increases. In other words, the newly nucleated micro-damages at
large number of loading cycle heals at unloading–loading point,
and hence, the effective damage density reaches a plateau where
no more damage accumulation occurs during the next loading cycle.
It also shows that, unlike the commonly postulated assumptions in
CDM, the effective damage density is reversible as a result of mi-
cro-damage healing. Therefore, one may argue that the jump in stiff-
ness at unloading–loading points might be due to micro-damage
healing at low strain levels. Again, careful experimental tests should
be conducted to prove this argument. Fig. 17(c) shows that the heal-
ing variable decreases during the loading. This decrease can be ex-
plained according to Eq. (61). During loading, the area of unhealed
damages Auh increases. Therefore, although the area of the healed
damages Ah does not change during the loading, the healing variable
decreases since it is deﬁned as the ratio of the healed damages’ area
over the total damaged area (i.e. h = Ah/AD).7. Conclusions
A novel continuum damage mechanics-based framework is pro-
posed in this paper to enhance the continuum damage mechanics
theories in modeling the micro-damage healing phenomenon in
materials that tend to self-heal. This framework is proposed by
extending the concept of the effective conﬁguration and effective
stress to the healing conﬁguration.
Three well-known transformation hypotheses of the continuum
damage mechanics theories (i.e. strain, elastic strain energy, and
power equivalence hypotheses) are also extended for the materials
with healing ability. Analytical relations are derived for each trans-
formation hypothesis to relate the strain tensors, secant stiffness
moduli, and tangent stiffness moduli in the damaged (nominal)
and healing conﬁgurations.
The presented examples demonstrate that the proposed healing
framework captures the recovery in strength and stiffness modulus
when healing occurs. These examples of the effect of rest periods
between loading cycles show that the model predicts increased
levels of recovery in the stiffness and strength as the resting period
increases.
It is argued that the commonly observed nonlinear responses
during the unloading in the stress–strain response can be modeled
using the rate- and time-dependent damage models. Therefore, it
is implied that these nonlinear responses could be because of the
delay-damage response (viscodamage) during the unloading.
It is also shown that the jump in the tangent stiffness modulus
at unloading–loading points might be related to micro-damage
healing at very small strains.
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modeling of the damage and micro-damage healing
This Appendix presents a general thermodynamic framework
for constitutive modeling of damage and micro-damage healing
mechanisms. The damage and micro-damage healing models of
Darabi et al. (2011a) and Abu Al-Rub et al. (2010) are also derived
systematically based on the presented thermodynamic framework.
It should be noted that slight modiﬁcations are required to gener-
alize this framework to self-healing materials with chemical reac-
tivity (such as the hydration reactions or pozzolanic reactions
during the curing of Portland cement).
This framework is used to derive an elastic-damage-healing
constitutive model. It should be noted that the experimental obser-
vations show that speciﬁc materials such as bituminous materials
undergo healing process during rest periods (i.e. the external load-
ing is removed from the body). Also, several studies have shown
that temperature has a signiﬁcant effect on healing rate (e.g. Rein-
hardt and Jooss, 2003; Kessler, 2007; Little and Bhasin, 2007). In
other words, temperature speeds up the healing process and in
some cases is essential for complete healing. In these cases, the
introduction of heat required for the healing process cannot be ig-
nored (e.g. Cardona et al., 1999).
One can start with the principle of virtual power which states
that the external expenditure of the power Pext due to a virtual mo-
tion should be balanced by the internal expenditure of the power
Pint associated with the same virtual motion, such that:
Pint ¼ Pext ðA1Þ
Degrees of freedom of the body are considered to be the displace-
ment vector u, the elastic strain tensor ee, the damage density /,
the healing variable h, and the temperature T; such that the general-
ized virtual motions is the set consisting of f _u; _ee; _/; _h; _T;r _Tg. It is
assumed that these virtual motions are, momentarily, independent.
However, the dependency among these virtual motions will be
established later. It should be noted that the rate of temperature
_T and its gradient r _T have been added to the usual velocity vari-
ables to ensure the generality of the thermodynamic framework
and in consideration of the endothermic nature of the healing pro-
cess. Obviously, conventional energy ﬂux should also be modiﬁed
according to Maugin and Muschik (1994). The internal expenditure
of virtual power can be written as follows:
Pint ¼
Z
V
ðr : _ee þ Y _/ H _hþ n _T þ c:r _TÞdV ðA2Þ
The Cauchy stress tensor r, the damage force Y, and the healing
force H are the generalized thermodynamic forces conjugate to
the elastic strain tensor, damage density, and healing variable,
respectively. Two additional generalized thermodynamic forces n
and c conjugate to temperature and its gradient, respectively, are
deﬁned similar to Cardona et al. (1999).
It should be noted that Eq. (A2) shows that the damage process
increases the internal expenditure of power, whereas, the micro-
damage healing process decreases the internal expenditure of
power. This micro-damage healing process can therefore be con-
sidered as the inverse of the damage process.
On the other hand, the macroscopic body force b, the macro-
scopic surface traction t, the inertial forces, and the generalizedtemperature traction v conjugate to _T contribute to the external
expenditure of power, such that:
Pext ¼
Z
V
bi _uidV þ
Z
S
ti _uidS
Z
V
q€ui _uidV þ
Z
S
v _TdS ðA3Þ
Based on the principle of virtual power (Eq. (A1)) and with some
mathematical manipulations, one obtains:
rij;j þ bi ¼ q€ui; in V ðA4Þ
ti ¼ rijnj; on S ðA5Þ
v ¼ cini; on S ðA6Þ
Y ¼ 0; in V ðA7Þ
 H _hþ ðn ci;iÞ _T ¼ 0; in V ðA8Þ
where n denotes the outward unit normal on the boundary S. Eqs.
(A4) and (A5) represent the local static/dynamic macroforce balance
and the boundary traction as the density of the surface forces,
respectively. Eq. (A6) deﬁnes the boundary traction for the thermo-
dynamic forces conjugate to _T. Eq. (A7) deﬁnes the damage micro-
force balance (Fremond and Nedjar, 1996) which will be used to
derive the dynamic viscodamage nucleation and growth conditions.
The virtual motion ﬁelds have not been removed in Eq. (A8). This
new and non-classical equation will be referred to as the micro-
damage healing microforce balance which will be used to derive mi-
cro-damage healing condition and evolution functions. To the
authors’ best knowledge, this microforce balance to describe mi-
cro-damage healing has not be derived before. Eq. (A8) reduces to
the following equation when the gradient of the rate of temperature
is neglected (i.e. r _T ﬃ 0Þ:
H _hþ n _T ¼ 0 ðA9Þ
Eq. (A9) clearly shows the dependency of the healing process on the
rate of temperature. Roughly speaking, Eq. (A9) states that additional
power provided as external heat is required for the healing process to
occur. This is in agreement with the endothermic nature of the heal-
ing process. This equation can be explained even for the isothermal
conditions for which the body V is in contact with a reservoir main-
taining a constant temperature. In other words, in this case, the heal-
ing process is accompanied by the absorption of the heat from its
surrounding area. This process causes the temperature drop within
the area in which healing occurs. The reservoir will then compensate
for this temperature drop by supplying the heat to the body V guar-
anteeing the isothermal condition. However, the time scale for
achieving the isothermal condition is of the order of the time scale
required for the healing phenomenon which makes it impossible,
for practical purposes, to ignore this transient region during the heal-
ing process. Again, the rate of the heat supply is directly correlated to
the rate of the healing process. Therefore, as the ﬁrst approximation,
one can assume a linear relationship between the rate of the temper-
ature change and the healing rate (i.e. n _T ¼ K _hÞ, such that the micro-
damage healing microforce balance will be simpliﬁed to the follow-
ing form in the absence of the temperature gradient:
H  K ¼ 0 ðA10Þ
As previously mentioned, the healing conﬁguration is deﬁned as
a ﬁctitious state where the unhealed damage areas are removed
from the material. Hence, unhealed damage does not contribute
to the internal expenditure of power in the healing conﬁguration.
Therefore, one can simply express the internal expenditure of
power in the healing conﬁguration, Pint, as follows:
Pint ¼
Z
V
r : d _eedV ðA11Þ
However, as it was shown in Eqs. (A7) and (A10), the damage and
micro-damage healing balance laws are always null (i.e. Y = 0 and
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Eqs. (A7) and (A10), it can be shown that Eqs. (A2) and (A11) are
the same, such that:
Pint ¼ Pint ðA12Þ
Moreover, it is assumed that, for the isothermal conditions, the
Helmholtz free energy W depends on the elastic strain tensor ee,
the damage density /, and the healing variable h, such that:
W ¼ Wðee;/;hÞ ðA13Þ
By combining the ﬁrst and second laws of thermodynamics (i.e. bal-
ance of energy and entropy imbalance, respectively), conservation
of mass, the Clausius–Duhem inequality can be written as follows
for the isothermal conditions (c.f. Lemaître and Chaboche, 1990):Z
V
q _WdV 6 Pint ðA14Þ
Taking the time derivative of Eq. (A13) and substitute into Eq. (A14)
yield:
r q @W
@ee
 
: _ee þ Y  q @W
@/
 
_/ H þ q @W
@h
 
_hþ K _hP 0
ðA15Þ
from which the following classical thermodynamic state law for the
Cauchy stress as the thermodynamic conjugate force of the elastic
strain tensor is deﬁned:
r ¼ q @W
@ee
ðA16Þ
such that the rate of the energy dissipation P can be written as:
P ¼ Y  q @W
@/
 
_/ H þ q @W
@h
 
_hþ K _hP 0 ðA17Þ
As previously mentioned, a speciﬁc location within the material at a
speciﬁc time t can either undergo the damage process or undergo
the micro-damage healing process. Therefore, the rate of the mi-
cro-damage healing variable is zero during the damage process
and vice versa. The rate of the energy dissipation during the damage
process Pvd and during the micro-damage healing process Ph can
be expressed as follows:
Pvd ¼ Y  q @W
@/
 
_/ ðA18Þ
Ph ¼  H þ q @W
@h
 
_hþ K _h ðA19Þ
such that the total rate of energy dissipation can be written as:
P ¼ Pvd þPh P 0 ðA20Þ
It should be noted that during the damage process the rate of the
micro-damage healing variable vanishes (i.e. _h ¼ 0Þ. Therefore,
during the damage process, P represents the rate of the energy
dissipation due to damage nucleation and growth such that one
can write:
P¼Pvd¼ Yq@W
@/
 
_/P0; _h¼0 ðduring thedamageÞ ðA21Þ
Eq. (A21) shows that the value of the expended internal power due
to the damage process is greater than the energy stored inside the
material due to damage hardening. Therefore, part of the expended
power due to the damage process should have been dissipated (i.e.
Pvd).
Similarly, during the micro-damage healing process the rate of
the damage variable is zero (i.e. _/ ¼ 0Þ. In this case, P represents
the rate of the energy dissipation due to the micro-damage healing
process such that one can write:P ¼ Ph ¼  H þ q @W
@h
 
_hþ K _hP 0;
_/ ¼ 0 ðduring the micro-damage healingÞ ðA22Þ
A close look at Eq. (A22) shows that part of the required internal
power for the micro-damage healing process is provided by the
stored energy due to the micro-damage healing processes. In other
words, the micro-damage healing process causes the stored energy
to decrease. This released energy (provided by the decrease in the
stored energy) is derived from the surface free energy on the faces
of the cracks that participate in the healing process as well as from,
in certain systems, the increase in conﬁgurational entropy. For
example, in a bitumen system, the introduction of a crack face prob-
ably establishes a preferred orientation of aliphatic, polynuclear
aromatic and naphtenic aromatics. During the healing process a
reorganization of these phase or components across the crack inter-
face contributes to some degree to the re-establishment of strength,
healing, resulting in an increase in conﬁgurational entropy and a
decrease in free energy. In fact, Bhasin et al. (2011) established,
using molecular dynamics, that the composition of the bitumen af-
fects the rate or reorganization across an interface. This released en-
ergy is spent for partial micro-damage healing process. The extra
required energy for the micro-damage healing process (i.e. shown
by K _hÞ comes from the external heat energy (i.e. n _T ¼ K _hÞ. For the
hypothetical completely self-healing materials this extra energy is
not required (i.e. K = 0), such that the micro-damage healing process
does not dissipate energy and can be considered as a reversible pro-
cess. However, this condition does not occur in reality.
Eqs. (A21) and (A22) contain terms which are only a function of
the Helmholtz free energy, such that one can deﬁne those as the
energetic terms as follows:
Yene  q @W
@/
ðA23Þ
Hene  q @W
@h
ðA24Þ
where Yene and Hene are energetic components of the thermody-
namic forces conjugate to / and h, respectively, which contribute
to the decrease or the increase in the Helmholtz free energy. Substi-
tuting Eqs. (A23) and (A24) respectively into Eqs. (A21) and (A22)
yields:
P ¼ ðY  YeneÞ _/ ðH  HeneÞ _hþ K _hP 0 ðA25Þ
Eq. (A25) shows that the rate of the energy dissipation resulting
from damage process is positive only if the thermodynamic force
conjugate to damage variable has both energetic and dissipative
components, such that the rate of the energy dissipation due to
damage process can be written as:
P¼Pvd¼Ydis _/P0; _h¼0 ðduring thedamageprocessÞ ðA26Þ
Similarly, one can deﬁne a dissipative micro-damage healing conju-
gate force, such that during the healing process the rate of the en-
ergy dissipation can be written as follows:
P ¼ Ph ¼ ðHdis þ KÞ _hP 0;
_/ ¼ 0 ðduringthe micro-damage healing processÞ ðA27Þ
where Ydis and Hdis are dissipative components of the damage and
micro-damage healing conjugate forces, respectively, and are de-
ﬁned as follows:
Ydis ¼ Y  Yene ðA28Þ
Hdis ¼ H  Hene ðA29Þ
The presented thermodynamic framework shows that both
damage and micro-damage healing thermodynamic forces should
have energetic and dissipative components. This is in line with
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estimation of the stored energy and energy dissipation requires the
thermodynamic conjugate forces to have both energetic and dissi-
pative components. It should be noted that Alfredsson and Stigh
(2004) and Barbero et al. (2005) also proposed thermodynamic-
based micro-damage healing models. However, they did not
decompose the damage and micro-damage healing forces into
energetic and dissipative components. The energetic and dissipa-
tive terms mean that the thermodynamic conjugate forces are de-
rived from the Helmholtz free energy and the rate of the energy
dissipation, respectively. Obviously, in order to formulate constitu-
tive equations for the energetic and dissipative conjugate forces,
one needs to know how the material stores energy (which helps
in assuming a mathematical form for the Helmholtz free energy)
and how the material dissipates energy (which helps in assuming
mathematical forms for the rate of the energy dissipation).
The dissipative components of the thermodynamic conjugate
forces can be identiﬁed using the maximum rate of energy dissipa-
tion principle and utilizing the mathematics of multiple variables,
such that:
Ydis ¼ kvd @P
@ _/
ðA30Þ
Hdis  K ¼ kh @P
@ _h
ðA31Þ
where kvd and kh are viscodamage and micro-damage healing La-
grange multipliers, respectively, which can be identiﬁed using the
calculus of multiple variables, such that:
kvd ¼ P= @P
@ _/
_/
 
; kh ¼ P @P
@ _h
_h
 
ðA32Þ
The next step is to assume mathematical forms for the Helmholtz
free energy and the rate of the energy dissipation function. In this
work, the following forms are assumed for the Helmholtz free en-
ergy and rate of the energy dissipation, respectively, in order to de-
rive the damage model of Darabi et al. (2011a) and the micro-
damage healing model of Abu Al-Rub et al. (2010):
qW¼1
2
ee :E : eeþC1ð1/Þð1hÞ ðA33Þ
P¼C2ð1/Þc1 ð1hÞ YYth
 !c2
expðc3eeff Þ _/2þC3ð1/Þc4 ð1hÞc5 _h2 ðA34Þ
The second term of Eq. (A33) will be zero when / = 0 or / = 1. These
cases mean that either the material has not been damaged or the in-
duced damages have been healed. For both cases, the nominal and
healing conﬁgurations are the same such that the stored energy is
only due to the elastic deformation. Moreover, this equation shows
that for a constant damage level, the stored energy decreases as the
micro-damage healing variable increases.
The damage and micro-damage healing microforce balances are
presented in Eqs. (A7) and (A10), respectively, and rewritten as
follows:
Y ¼ 0) Yene þ Ydis ¼ 0) Yene ¼ Ydis ðA35Þ
H  K ¼ 0) Hene þ Hdis  K ¼ 0) Hene ¼ ðHdis  KÞ ðA36Þ
The energetic and dissipative components of the thermodynamic
conjugate forces can be identiﬁed by substituting Eqs. (A33) and
(A34) into Eqs. (A23), (A24), (A30), and (A31), such that:
Yene¼C1ð1hÞ; Ydis¼C2ð1/Þc1 ð1hÞ YYth
 !c2
expðc3eeff Þ _/ ðA37Þ
Hene¼C1ð1/Þ; HdisK¼C3ð1/Þc4 ð1hÞc5 _h ðA38Þ
The damage evolution function of Darabi et al. (2011a) (Eq. (45))
can now be derived by substituting Eq. (A37) into Eq. (A35), such
that:_/ ¼ Cvd Y
Yth
 !q
ð1 /Þ2 expðkeeff Þ ðA39Þ
where Cvd = C1/C2, q = c2, c1 = 2, and k = c3. Similarly, the mi-
cro-damage healing evolution function of Abu Al-Rub et al. (2010)
(Eq. (48)) can be determined by substituting Eq. (A38) into Eq.
(A36), such that:
_h ¼ Chð1 /Þm1 ð1 hÞm2 ðA40Þ
where Ch = C1/C3, m1 = 1  c4, and m2 = c5.
It is noteworthy that the presented thermodynamic framework
for the damage and micro-damage healing processes is general and
can be used to derive different constitutive models for the damage
and micro-damage healing mechanisms. Coupling of the damage
and micro-damage healing processes to the viscoelastic, viscoplas-
tic, and temperature will be the subject of a future work by the cur-
rent authors.References
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